The Erdös-Sós conjecture states that if G is a graph with average degree more than k − 1, then G contains every tree of k edges. A spider is a tree with at most one vertex of degree more than 2. In this paper, we prove that Erdös-Sós conjecture holds for all spiders.
The conjecutre is know to be ture when k = n − 1 [1, 5] and k = n − 2 [1, 6] . Woźniak [8] proved the case k = n − 3, and then Tiner [7] proved the case k = n − 4. The conjecture seems difficult and many researches focurs on some special trees. A spider is a tree with at most one vertex of degree more than 2, called the center of the spider (if no vertex of degree more than two, then any vertex can be the center). A leg of a spider is a path from the center to a vertex of degree 1. Woźniak [8] proved that the conjecture is true if T is a spider in which each leg has at most 2 edges. This was extended by Fan and Sun [4] to spiders in which each leg has at most 4 edges. Later, Fan [3] showed that the conjecture holds for all spider with k ≥ (n + 5)/2. In [3] , Fan defined a "2-dominating cycle" and proved such a cycle yields the existence of any spiders. Then he showed that the condition k ≥ (n + 5)/2 would make sure the existence of all spiders or such a cycle. In this paper, we will show the conjecture is true for all spiders. For any two vertices u, v, a path P with ends u, v of a graph is called a u-path or a v-path or a (u, v)-path. The end of the u-path is referred to as the other end v. A reroute of a u-path P is a new u-path P ′ such that V (P ) = V (P ′ ). Let P be a path and v / ∈ V (P ) be a vertex. If there is an edge xy of P such that vx, vy ∈ E(G) then v is absorbable to P .
Preliminaries
The proof of Theorem 1.2 is by contradiction. Assume G is a counter-example of Theorem 1.2 such that |V (G)| is minimum. Then it is easy to show that 2 (n − |S|). By the choice of G, G ′ contains all spiders of k edges and so does G. In this paper, we will use the condition (2.1) to prove a stronger result. In fact, by (2.1), v∈S (d(v) − e(v, S)/2) = e(S) + d(S) > k−1 2 |S|. Then there is v ∈ S such that d(v) − e(v, S)/2 ≥ k/2. In this paper, the condition (2.1) is always used like this. By this condition, we will find a way to grow up a vertex from a smaller spider in G.
For any d positive integers ℓ 1 , . . . , ℓ d , denote by S(ℓ 1 , . . . , ℓ d ) the family of spiders with d legs whose length are ℓ 1 , . . . , ℓ d , respectively. In this paper, we always assume that ℓ 1 +. . .+ℓ d = k. Let u be a vertex of a graph G. If there is a copy of T in G such that u is the center of the copy, we say T is embeddable into G at u, denoted by T u → G. For simplicity of statement, if T u → G, we always just use the label T to denote the copy of T in G, i.e., T is just viewed as a subgraph of G.
Wwe will characterize the cases that T u → G for a vertex u under the condition (2.1). Denote T 0 = {T | T is a spider of k edges whose each leg has even length}, and T 0 be the spider whose every leg has length exactly 2, and H 0 (a, b) is the family of graph H whose vertex set can be partition into two sets X, Y such that |X| = a, |Y | = b, and N (v) = X for all v ∈ Y . We will show that if a spider T u → G, then T lies in T 0 and G ∈ H 0 (a, b) or G has some induced subgraph lies in H 0 (a, b).
The following four lemmas are use to count the number of neighbors of a vertex on a leg of a spider. Lemma 2.1 is usually used to find a reroute of a u-path whose end has enough neighbors outside P . Lemma 2.2 is used to show that a vertex will have many neighbors outside a longest u-path. These two lemmas are easy and the proofs are give here. Lemma 2.3 and Lemma 2.4 are used to grow up a smaller spider to a larger one. The proofs are not hard but a little long and will be given in the last section.
Lemma 2.1. Let u be a vertex of a graph G and P be a u-path of length p. Denote S = {v ∈ V (P ) | there is a reroute of P with end v}. Then for any v ∈ S, e(v, V (P )) − e(v, S)/2 ≤ (p + 1)/2. Lemma 2.2. Let u be a vertex of a graph G and P be a longest u-path of G and Q be a u-path of length q in G−V (P −u). Assume P has length p and Q has the end v. If N (v)∩V (P −u) = ∅ then and e(v, V (P − u)) ≤ (p + 1)/2 − q, and when the euqation holds and furthermore, if there is w ∈ N (v) \ (V (P ) ∪ V (Q)) then e(v, V (P − u)) ≤ (p + 1)/2 − q − max{0, 1 − q/2}, e(w, V (P − u)) ≤ max{0, 2 − q} and p ≥ 2q + 1 + 2e(w, V (P − u)).
Proof. Let w be the end of P and v 1 , v 2 be the first vertex and the last vertex of P in N (v), respectively. Assume P [u, v 1 ] has length a, P [v 1 , v 2 ] has length b and P [v 2 , w] has length c.
Then a+ b+ c = p. If a ≤ q or c ≤ q − 1, then either uQxv 1 P w or uP v 2 xQ is a u-path of length at least p + 1, a contradiction to the assumption of P . So, a ≥ q + 1 and c ≥ q. Also by the same reason, v can not be absorbed by
By the assumption that P is a longest u-path, N (w) ∩ V (P − u) ⊆ {v 2 }, wv 1 / ∈ E(G) and if wv 2 ∈ E(G) then v 1 = v 2 and b ≥ 2 ≥ 2e(w, V (P −u)), q = 1 and c = 2. Thus e(w, V (P −u)) ≤ max{0, 2 − q} and p ≥ a + c + 2e(w, V (P − u)) ≥ 2q + 1 + 2e(w, V (P − u)).
Lemma 2.3. Let u, w 1 , w 2 be three vertices of a graph G and P be a u-path of length p in
then one of the following holds.
(1) There is a reroute of P with end adjacent to x.
has a u-path of length at least p.
Lemma 2.4. Let u be a vertex of a graph G, vw be an edge of G, P be a u-path of length p in G − {v, w} and C be a component of G − (V (P ) ∪ {v, w}) containing a neighbor of u. Denote S = {z ∈ V (P ) | G − {v, w, z} has a u-path of length at least p}.
Let x, y be two vertices of C. If N ({v, w}) ∩ V (P − u) = ∅ and e({x, y, v, w}, V (P − u)) ≥ 2p + e(v, S)/2, then there are two disjoint paths P ′ , R such that P ′ is a u-path of length at least p and R is a w-path of length 2 or a v-path of length 2 and containing w.
In Section 3, we will give a characterization of graphs G and spiders T such that T is not embaddable into G at a spicialfied vertex u. In Section 4, we will use this characterization to prove Theorem 1.2. In Section 5, we will give the proofs of Lemma 2.3 and Lemma 2.4.
Characterization of unembeddable spiders
In this paper, we always assume that G is a graph satisfying (2.1) and T ∈ S(ℓ 1 , . . . , ℓ d ) is a spider of k. Before giving the characterization theorem, we will introduce a notation first which will be used in the proof of the following lemma. Notation 3.1 (Second end). Let u be a vertex of a graph G and P be a u-path with end v. If there is a vertex w / ∈ V (P ) such that G[V (P − v) ∪ {w}] has a hamiltonian (u, w)-path, then w is said to be the second end of P in G. If there is no such vertex w exists, then the second end of P in G is referred to a vertex w ′ ∈ V (P ) such that P − v has a hamiltonian (u, w ′ )-path.
Note that any non-trivial u-path has a second end and the second end is a different vertex to the end. Also there may be many second ends for a u-path. By the definition, if a second end w of P lies in P then N (w) ⊆ V (P ).
Theorem 3.2. Let G be a graph satisfying (2.1) and u be a vertex with degree at least k. Let T ∈ S(ℓ 1 , . . . , ℓ d ) and
, and the longest u-path in G − V (T 1 − u) has length 1, (b) T ∈ T 0 \ {T 0 } (and thus k is even) and G ∈ H 0 (k/2, n − k/2), (c) T = T 0 and G has minimum degree k/2 and has a subgraph containing u and isomorphic to a graph in H 0 (k/2, k/2 + 1).
Proof. The proof is by induction on k. When k = 1 then T u → G clearly. So we may assume that the result holds for T 1 and we will show the result still holds for T . As T 1 has k − 1 edges, non of (a)(b)(c) holds for T 1 . So by the induction hypothese,
Denote ℓ i = |L i | and ℓ = |L|. Let w be the second end of P d in G − L such that e(w, L) is maximized. Let Q be the longest u-path in G − L and assume Q has length q.
there exists a T 1 u → G such that v is the end of P d and the longest u-path of G − L has length q .
It is easy to see that S 0 = ∅. Then we may pick a T 1 and v ∈ S 0 such that
Then we have the following claims. If w / ∈ L d then w can not be absorbable to 
Without loss of generality, we may reroute Q such that x is the end of Q with e(x, L) is maximized. Let y is the second end of
. We have the following claim. 
For the second part, we consider two cases. If y / ∈ V (Q) then y can not be absorbable to Q and xy / ∈ E(G). Thus e(y, V (Q)) ≤ (q + 1)/2. Thus by Lemma 2.1 and
The claim holds. So we may assume that y ∈ V (Q). Let S y = {z ∈ V (Q) | there is a reroute of Q − x with end z}. Again by (2.1) and by Lemma 2.1, d(y) − e(y, S y )/2 ≥ k/2 and e(y, V (Q − x)) − e(y, S y )/2 ≤ q/2. It follows that e(y, V (
Then it is easy to see that the claim holds. So we may assume that N (y) ∩ L d = ∅. Also x is not absorbable to Q − x, for otherwise, we have e(y, L) ≥ ℓ/2 by using the absorbed u-path instead of Q.
This finishes the proof of Claim 2.
Suppose, to the contrary, that q ≥ 2 and w / ∈ V (Q) by the assumption that w is a second end. Then y = u. Note that all of e(w, L), e(x, L) and e(y, L) are integers. By Claim 1 and Claim 2, 2) and if the equation holds then ℓ d = q + 1 and ℓ is odd.
For every P i , let H i be the graph obtained from G[V (P i ) ∪ V (Q) ∪ {v, w, y}] by adding an edge between v and w if vw / ∈ E(G). If H i has two disjoint paths P ′ i and R such that P ′ i is a u-path of length at least ℓ i and R is a w-path or v-path of length 2 containing w. If vw is not an edge of R then R is a w-path, and we may use P ′ i instead of P i and then uP d wR will be the last leg of length ℓ d , implies T u → G, a contradiction. If vw is an edge of R let z ∈ V (R) \ {v, w}. If R is a w-path then we may use P ′ i instead of P i and then uP d vR will be the leg of length ℓ d , implies T u → G, a contradiction. If R is a v-path then then by the assumption that T u → G, w ∈ L d . However, this implies z, instead of w, will be the second end of P d in G − L, a contradiction to the choice of w. Hence, we may assume that there is no such two paths in every
, we see that |I| = 1 and the equation holds. Thus ℓ is odd,
Suppose, to the contrary, that w ∈ L d . Then w / ∈ V (Q) and by the assumption that (a) does not hold, there exists
Then x is absorbable to P i . Let z 0 z 1 . . . z ℓ i +1 be the u-path obtained from P i by absorbing x,
is a u-path of length ℓ i and ux ′ xz j is a u-path of length at least 2, a contradiction to Claim 3. By Claim 3, Claim 4 and by (3.1), it is easy to see that for any embedding T 1 , the longest u-path in G − V (T 1 − u) has length 1 and |L d ∩ {w}| = 0.
By Claim 1 and Claim 2,
has a u-path of length ℓ i . By (4) of (3.1) and applying Lemma 2.3, we see that for every i ∈ I, there is a reroute of P i with end adjacent to x. Without loss of generality, we may assume that P i is just the reroute.
, where v i 0 = u, and
will be the leg of length ℓ i and uP d vv i t will be the leg of length
Pick i ∈ I. We will prove this claim in a sequence of subclaims.
Suppose, to the contrary, that
w is a u-path of length ℓ i and uP
From (5A), it is easy to see that e(x, L j ) ≥ ℓ j /2 for each j ∈ I.
By the assumption L i ⊆ N (x), let v i j be the vertex with maximum index such that
is also a u-path of length ℓ i , by (4) of (3.1),
In either case, a u-path of length ℓ i is obtained while uP d vv i j+1 is a u-path of length ℓ i , implies T u → G, a contradiction. This completes the proof of (5B).
By (5B) and by (3 
This is a contradiction to the definition of I.
(5B) and (3.5) immediately.
, without loss of generality, we may assume that x ′ = v i j / ∈ Y and x ′ / ∈ {v, w}. Then xv i j−1 , xv i j+1 , uv j ∈ E(G). Thus we may replace v i j by x ′ in P i and then v i j will take the place of the x. Denote by T ′ 1 the new obtained embedding. Note that ux ′ ∈ E(G), q = 1 still holds and both v and w keeps unchanged. This implies T ′ 1 is also an embedding satisfying (1)- (3) of (3.1). Furthermore, if there is some
is a u-path of length ℓ i , yields an embedding of T , a contradiction. So
By (4) of (3.1) the equation holds, which means T ′ 1 is also an embedding satisfying (3.1). Then applying Claim 5 to T ′ 1 , we have
So, we may assume that T = T 0 and we will show that |Y | = n − k/2. If not, then by the connectedness of G there exist y 1 ∈ Y and z / ∈ X ∪ Y such that y 1 z ∈ E(G). Then y 1 = u. Without loss of generality, we may assume P is the longest leg of T . Then P has length at least 4. Assume x 3 , x 2 , x 1 are the last three vertex on the u-path P , where x 1 is the end. By Claim 4, every leg of T has even length. Together with the facts that u ∈ Y and the edges between X and Y induces a completely bipartite graph, it is easy to find an embedding of
. Thus x 2 , x 1 can be placed at z, z ′ , respectively, and an embedding of T at u in G is obtained, a contradiction. The proof is completed.
Proof of Theorem 1.2
As stated in Preliminaries, we may assume that (2.1) holds. For any
) and we will show that G contains T as a subgraph. Suppose, to the contrary, that this is not true. By Theorem 3.2, one of Theorem 3.2 (a), (b), (c) occurs.
If (b) or (c) of Theorem 3.2 holds, then each leg has even length and there is a subgraph H of G such that H ∈ H 0 (k/2, k/2 + 1). By the definition, we may assume that V (H) = X ∪ Y such that N H (y) = X for every y ∈ Y . It is easy to see that T y → H for every y ∈ Y . As a result, G contains T . So, we may assume that for each vertex u ∈ V (G) with d(u) ≥ k, Theorem 3.2 (a) holds. This implies Theorem 1.2 holds for graphs that G satisfies (2.1) and has maximum degree bigger than k. Also, by the assumption that e(G) > (k − 1)n/2, it is easy to see that G has maximum degree at least k. So, the remain case is that G has maximum degree k.
After then, all vertices outside V k has weight 0. As
We will show that T u → G. Suppose that this is not true. We will derive a contradiction to (4.1) by constructing a set of vertices with small degree in N (u).
Also, if a j+1 − b j = 2 then v a j+1 +1 ∈ S. Thus in any cases,
If b m = ℓ i − 1 then v ℓ i ∈ S and thus in any cases,
For the leg P d , we deal with it as a similar way. The diference here is x is not absorbale to P d and is not adjacent to the end of
Then, by (4.1),
It follows that (2d 
Proof of Extending Lemma
(a) There is a reroute of P with end adjacent to x.
Proof. Let P = v 0 v 1 . . . v p , where v 0 = u, and L = V (P − u). Suppose, to the contrary, that neither of the results hold. Then xv p / ∈ E(G).
Claim 1. x is not absorbale to P .
Suppose, to the contrary, that v j , v j+1 ∈ N (x). Then by noting that uP v j xv j+1 P v p−1 is a u-path of length p and by the assumption that e(V (P )) is maximized, e(x,
On the other hand, without loss of generality, we may assume that e({x,
. By the assumption that (a) does not hold, i = j. Then v i ∈ N (w 1 ) and
is a u-path of length at least p, a contradiction. Claim 1 is proved.
Let N (x) ∩ V (P ) = {v a 0 , . . . , v am } such that 0 = a 0 < . . . < a m < p and a i+1 > a i + 1. Donote a m+1 = p + 1 and for i = 0, 1, . . . , m,
Suppose, to the contrary, that there is an i < m such that
Then there is a vertex in {w 1 , w 2 }, say w 1 such that e(w 1 , X i ) = x i . Then x i ≥ 2, for otherwise, v a i +1 ∈ N (w 1 ) and uP v a i xv a i+1 P v p is a u-path of length p, a contradiction. Also, by (5.1), e(w 2 , X i ) ≥ x i − 1. Furthermore, if e(w 2 , X i ) = x i then w 1 v a i / ∈ E(G), for otherwise, v a i +1 ∈ N (w 2 ) and uP v a i w 1 v a i +2 P v p is a u-path of length p, a contradiction. Similarly,
. This is a contradiction to (5.1). So e(w 2 , X i ) = x i − 1. Again by (5.1), e({w 1 , w 2 }, {v a i , v a i+1 }) ≥ 3. Without loss of generality, we may assume that
, a contradiction to (5.1). Claim 2 is proved.
Then without loss of generality, we may assume that e(w 1 , X m ) = x m . Then as uP v p−1 w 1 is a u-path of length p, w 2 v p / ∈ E(G). Thus by (5), e(w 2 , X m ) = x m − 1 and thus w 2 v p−1 ∈ E(G). Then v p ∈ N (w 1 ) and uP v p−1 w 2 is a u-path of length p, a contradiction. Claim 3 is proved.
By Claim 2 and Claim 3,
Lemma 2.4. Let u be a vertex of a graph G, uv be an edge of G, P be a u-path of length p in G − {v, w} and C be a component of G − (V (P − u) ∪ {v, w}) containing a neighbor of u. Assume x is end of Q and y is a vertex which has a path connected to x in G − (V (P ) ∪ {v, w}. Denote S = {z ∈ V (P ) | G − {v, wz}] has a u-path of length at least p}.
Proof. The proof is by contradiction. Suppose there is no such two paths. Let
. By the assumption, we may assume that the (u, x)-path in G[V (C) ∪ {u}] has length at least 2.
Suppose, to the contrary, that v p ∈ N ({x, y}). Let 
By the assumption that N ({v, w}) ∩ L = ∅, there is an i ≥ 2 such that v i ∈ N (v) ∩ N (w) and
. Then v i−1 ∈ S 1 and thus v i−2 ∈ N (x). Then uP v i−1 xCyv p P v i+1 is a u-path of length at least p and wvv i is a path of length 2, a contradiction. Claim 1 is proved.
By Claim 1, we may assume that there are integers 1
Then it is easy to see that
In the following we will derive a contradiction by considering each h(i). If there is v j ∈ N ({v, w}) ∩ Y i such that a i < j < b i then uP v j−1 Qv j+1 P v p is a u-path of length at least p and vwv j or wvv j is a path of length 2 containing w, a contradiction. Claim 3 is proved.
It should be noted that if f 2 (i) ≤ 0.5 then e({x, y}, Y i ∪ Y i+1 ) ≥ 2y i + 2y i+1 − 1 and thus for any Then there is a (z 1 , z 2 ) -path of length at least 3 with inner vertices in C. For simiplicity, we always use z 1 xCyz 2 to denote the path in the rest of the proof.
By the assumption, f 1 (i) + f 2 (i) + e(v, S ∩ X i )/2 < g(i). We will consider two cases according to the value of x i . If x i = 2 then
However, by Claim 3, g(i) ≤ min{y i , 2} + min{y i+1 , 2} + 1 ≤ 5. So y i , y i+1 ≥ 2 and without loss of generality, we may assume that
P v p is a u-path of length at least p and wv a i v a i+1 is a path of length 2, a contradiction. Thus 
Recall e({x, y},
desired two paths, and when vv
are desired two paths, a contradiction. Hence, we may assume that x i ≥ 3. 
Suppose, to the contrary and withou loss of generality, we may assume that y i ≥ 2 and j 2 = j 1 +4. If e({x, y}, Y i ) ≥ y i +1 then there is v j ∈ Y i such that e({x, y}, {v j , v j+1 }) ≥ 3 and as uP v j xCyv j+1 P v j 1 vv j 2 P v p is a u-path of length at least p, v j 1 +1 , v j 1 +2 , v j 1 +3 / ∈ N (w) and thus f 1 (i) ≥ 4 and g(i) ≥ f 1 (i) + f 2 (i) + 1/2 ≥ 9/2 + f 2 (i). It follows that f 2 (i) ≤ 1/2, y i , y i+1 ≥ 2 and without loss of generality,
∈ N (w) and thus f 1 (i) ≥ 3, a contradiction. So, vv j 1 +1 / ∈ E(G) and similalry
, {x, y})/2 + 3/2. By noting that f 1 (i) ≥ 2, it is easy to see that x i = 3, y i+1 = 1,
Suppose, to the contrary and without loss of generality, we may assume that y i ≥ 2 and
∈ E(G) and thus f 1 (i) ≥ 9/2 and g(i) = 5. Then
∈ E(G) and thus f 1 (i) ≥ 4 and vv j 2 +2 / ∈ E(G). Then x i = 4, and g(i) = 9/2. Thus uP v a i −1 v j 2 −1 P v a i xCyv a i+1 P v p and wv j 2 v j 2 +1 are desired two paths, a contradiction. So
Without loss of generality, we may assume the former holds. Then uP v a i −1 vv a i P v b i xCyv a i+1 P v p and wv b i +1 v b i +2 are desired two paths, a contradiction and (4B) is proved.
Suppose, to the contrary and without loss of generality, we may assume that j 2 − j 1 ≥ 4 is minimum. Then by (4A), j 2 − j 1 ≥ 5. By the choice of
∈ N (v) and similarly v j 1 +2 / ∈ N (v). Thus f 1 (i) ≥ 4. It follows that g(i) ≥ 9/2, f 2 (i) ≤ 1/2 and y i , y i+1 ≥ 2. Without loss of generality, we may assume that vv a i −1 , wv a i , vv a i+1 ∈ E(G) and then uP v a i −1 vv a i+1 P v a i +1 xv a i+1 +1 P v p and wv a i y are desired two paths, a contradiction.
Suppose, to the contrary and without loss of generality, we may assume that
Then it is easy to see that f 2 (i) ≥ e(v, v a i+1 −4 ), for otherwise, vv a i+1 −4 ∈ E(G) and f 2 (i) ≤ 1/2 and then as uP v j vv a i+1 −4 P v j+1 xCyv a i+1 P v p is a u-path of length at least p,
and then y i , y i+1 ≥ 2. By (4C) g(i) ≤ 9/2 and thus f 1 (i) = 4 and X i ⊆ N (v). Again by (4C), g(i) ≤ 4, a contradiction.
If x i = 3 and f 2 (i) ≤ 1/2 then e(v, Y i ∪ {v a i −1 }) ≤ 1, for otherwise, it is easy to find a u-path of length at least p avoiding X i , (for example, when vv a i , vv
Without loss of generality, we may assume the former holds and then uP v
are desired two paths, a contradiction. So vv b i +2 ∈ E(G) and X i ⊆ N (w). Then y i+1 = 1, for otherwise uP v j vv b i +2 P v j+1 Cv a i+1 +1 P v p and wv a i+1 −1 v a i+1 are desired two paths, a contradiction. Similarly, y i = 1. Thus f 1 (i) ≥ 3/2 and f 1 (i) + e(v, S ∩ X i )/2 < g(i) ≤ 2. It follows that vv a i+1 +1 ∈ E(G). However, then v a i+1 ∈ S and e(v, S ∩ X i ) ≥ 1, a contradiction. Hence, if
If vv a i+1 −3 ∈ E(G) then as uP v j vv a i+1 −3 P v j+1 Cv a i+1 P v p is a u-path of length at least p,
If
Then y i , y i+1 ≥ 2. By (4C) g(i) ≤ 9/2 and then the equation holds. Without loss of generality, we may assume that vv b i ∈ E(G) and
. Thus x i ≤ 4 and if x i = 4 then f 2 (i) = 0. Thus when x i ≥ 4 and y i = 2, uP v a i −1 vv b i P v p and wv a i x are desired two paths, and when x i ≥ 4 and y i ≥ 3, uP v a i −1 vvv b i P v a i+1 xv a i +2 P v b i −1 yv a i+1 +1 P v p and wv a i v a i +1 are desired two paths, a contradiction. So x i = 3 and thus f 2 (i) = 1. Then there is t ∈ {a i , b i , a i+1 } such that x, y ∈ N (v t ). Then it is easy to find a u-path of length at least p avoiding X i and thus f 1 (i) ≥ 6, a contradiction. This finishes the proof of (4D). Now we can show the claim. By (4D),
If f 1 (i) = 3/2 then, without loss of generality, we may assume that vv b i +1 / ∈ E(G). Thus e(v, S ∩ X i ) ≥ x i − 3 + e(v, v a i+1 ), a contradition. So we have either y i + y i+1 ≥ 3.
By (4C), g(i) ≤ 5/2 and
Then the equation hods, which implies x i = 3 and the statement of the claim. If f 1 (i) = 3/2 then e({v, w}, X i ) = 2x i − 1 and Without loss of generality, we may assume
Then also we have the equation holds, which implies x i = 3 and the statement of the claim. If f 1 (i) = 2 then g(i) = 5/2, h(i) = 1/2 and without loss of generality, we may assume that 
As uP v b i Cv a i+1 P v p is a u-path of length at least p, v, w / ∈ N (X i ). Thus f 1 (i) = 2. By the assumption that h(i) > 0,
If y i = y i+1 = 1 then g(i) ≤ 3 and thus f 2 (i) ≤ 1/2, h(i) ≤ 1/2. The claim holds clearly. So, without loss of generality, we may assume that y i ≥ 2.
Furthermore, similar to the previous paragraph,
Thus g(i) ≤ 4. It follows that f 2 (i) ≤ 3/2. Then either e({x, y},
Without loss of generality, we may assume the former holds. Then as uP v b i −1 xCyv a i+1 P v p is a u-path of length at least p, v, w / ∈ N (v b i ). Similarly, if the latter holds then v, w / ∈ N (v a i+1 ) and thus g(i) ≤ 3, h(i) ≤ 1 and the results hold. So, we may assume that latter case does not hold. Then
and f 2 (i) ≥ 1 and thus g(i) = 7/2 and f 2 (i) = 1 which implies vv a i −1 , vv a i+1 , wv a i ∈ E(G) and x, y ∈ N (v a i ). Then uP v a i −1 v a i+1 P v a i +1 xv a i+1 +1 P v p and wv a i y are desired two paths, a contradiction. This finishes the proof of claim 5.
Claim 6. There is at most one i such that h(i) > 0 and 1 ≤ i < m.
Suppose, to the contrary, that there exist i, j with 1 ≤ i < j < m such that h(i) > 0 and h(j) > 0. By Claim 5 and Claim 6, we may have the following three cases. If x i ≥ 2 and x j ≥ 2 then by Claim 4, If x i = x j = 1 then by Claim 5, f 2 (i), f 2 (j) ≤ 1/2. If y i = y i+1 = 1 then by Claim 5, g(i) ≥ 5/2 and we may assume that vv a i −1 , vv a i+1 , wv a i ∈ E(G). Then uP v a i −1 vv a i+1 P v b j xCyv a j+1 P v p and wv a i v a i +1 are desired two paths, a contradiction. So, without loss of generality, we may assume that y i ≥ 2. Then by Claim 5, g(j) ≥ 5/2 and we may assume that vv a j −1 , vv a j+1 , wv a j ∈ E(G). Thus when y j ≤ 2, uP v b i −1 xCyv b i P v a j −1 vv a j+1 P v p and wv a j v a j +1 are desired two paths, and when y j ≥ 3, uP v b i −1 xv a j +2 P v b j yv b i P v a j −1 vv a j+1 P v p and wv a j v a j +1 are desired two paths, a contradiction. The claim is proved.
Suppose, to the contrary, that h(0) > 0. Then
We consider two cases.
By noting that e({v, w}, X 0 )−µ 0,1 ≤ 2x 0 −1, the equation in the above inequality holds, which implies X 0 \ {v a 1 −1 } ⊆ N (v), X 0 ⊆ N (w), f 2 (0) = 0 and e(v, S ∩ X 0 ) = 0. Thus when x i ≤ 2, uQxv a 1 P v p and wvv 1 are desired two paths, and when x i ≥ 3, as uQxv a 1 P v 2 vv a 1 +1 P v p is a u-path of length at least p, v 1 ∈ S and e(v, S ∩ X 0 ) > 0, a contradiction. If there is j ∈ {b 1 , b 1 + 1} such that vv j ∈ E(G) then vv 3 / ∈ E(G), for otherwise, as uCv j−1 P v 3 vv j P v p is a u-path of length at least p, v 1 , v 2 / ∈ N (w) and f 1 (i) > 2, a contradiction. Also, if e({v, w}, {v 1 , v 2 }) ≥ 4 then v 1 ∈ S and e(v, S ∩ X 0 ) ≥ 1, and if e(v, v 4 ) + e(x, v j−1 ) ≥ 2 then v 1 , v 2 , v 3 / ∈ N (w) and f 1 (0) > 3, a contradiction. So e(v, v 4 ) + e(x, v j−1 ) ≤ 1. Thus if x i ≥ 4, then f 1 (0) + f 2 (i) + e(v, S ∩ X 0 ) ≥ 5/2, a contradiction. So x i = 3 and then f 1 (0) + e(v, S ∩ X 0 ) ≥ 3/2 and g(0) − f 2 (0) ≤ 2. These forces g(0) − f 2 (0) = 2, f 1 (0) = 1, e(v, S ∩ X 0 ) = 1 and e({v, w}, {v 1 , v 2 }) = 4. Then vv 4 / ∈ E(G), for otherwise, uv 1 vv 4 Cv 5 P v p and wv 2 v 3 are desired two paths, a contradiction. Thus g(0) = 2 and f 2 (0) = 0. Then uCxv 4 P v b 1 vv b 1 +1 P v p and wv 1 v 2 are desired two paths, a contradicton. The proof is completed.
